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The energy of the evolved vacuum state is calculated. From a frequency cut-off regu-
larisation the divergent terms are separated and, in the 1 + 1 dimensional case they are
removed with a mass renormalisation of the moving boundary. A renormalisation of
the external force is also needed in 3 4 1 dimensions.
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back-reaction.
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1. INTRODUCTION

In the preceding paper hereafter referred as I, we have considered the creation
of particles in domains with moving boundaries. In the present paper we study
the energy of the evolved vacuum state. We show that this energy is splinted in
two parts, the energy of the vacuum state that after renormalisation becomes the
standard Casimir energy, and a dynamical part. For times greater than the stopping
time, i.e. when the boundary returns to the initial position, the dynamical part is
the energy of the produced particles, that is, the total radiated energy, which is
finite if the movement of the boundary is smooth enough. On the other hand, when
the boundary moves the dynamical energy has some divergent terms.

To obtain the renormalised dynamical energy, we have used the frequency
cut-off regularisation. The desired result is obtained after a mass renormalisation in
the 1 4+ 1-dimensional case. In the 3 + 1-dimensional case we have also needed the
renormalisation of the external force that produces the movement of the boundary.
Once we have calculated the dynamical energy, we show that, when the boundary
moves, this quantity is not positive. This proves that, when the boundary is not
at rest, the dynamical energy cannot be considered as the radiated energy in
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agreement with the fact that, in this situation, the concept of particle is ill-defined
(see the discussion below to the formula (25) of I).

Finally we consider a semi-classical model of the interaction between a
moving boundary and the Klein-Gordon field, i.e., a model that describes the
particle creation process due to the movement of the boundary, and that also
takes into account the movement of the boundary induced by the radiation (the
back-reaction).

The paper is organised as follows:

In Section 2 we show that the energy of the evolve vacuum can be splinted in
a static part (the Casimir energy) and a dynamical one (the energy of the created
“quasi-particles”).

In Section 3 we consider the 1 + 1-dimensional case. Firstly, using the fre-
quency cut-off regularisation, we study the energy when there is a single moving
mirror. Once we have calculated the renormalised physical quantities we compare
our results with those obtained by Davis and Fulling in Fulling and Davies (1976).
We also consider bounded cavities, in this case we obtain the main result of the
paper, the renormalised dynamical energy when it exist two mirrors.

In Section 4 we study the 3 + 1-dimensional case. For a single moving mirror
we calculate in a very easy way the renormalised energy of the vacuum state and
the renormalised dynamical energy of the evolved vacuum state that coincides
with the result obtained by Ford and Vilenkin (1982).

Finally in Section 5 we study a semi-classical model of the interaction be-
tween one single moving mirror and the Klein-Gordon field, that includes the
recoil of the mirror.

2. THE CASIMIR ENERGY

Let (E™(r)) be the energy of the evolved vacuum state inside a cavity €2;.
From the formulae (18) and (19) of I, we have

. . h
(E"(1)) = OIT EOT'10) = ) Sonltie)

n

+ Y hoat NSO+ OEh. (D)

This formula shows that the energy is splinted in two parts, the energy of the
vacuum at time ¢ that, after renormalisation, gives the usual Casimir energy, and
a dynamical part that corresponds to the energy of the created “quasi-particles” in
the cavity.
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Note that, when ¢t > T, we have
~ h
(E"(t = T)) = Z 0n(0) + Z honON (1 > T) + O(eY). 2

That is, when the boundary returns to the initial position, the energy is
decomposed in two parts, the energy of the initial vacuum state and the radiated
energy (the energy of the created particles into the cavity).

Example 2.1. For a rectangular cavity Q; = [0, L1 + €g(¢)] x [0, L] x [0, L3]
the formula (1) behaves

N h
(E"(0) = D Sonlt;€)

nel?
o)
202 \ Ly
K2n? ‘ I ()i Oraor g ?
x k% @n(0)(0)(@n(0) + @i (0))

akz,n28k3q"3 + 0(64)9 3)

3

3. 1+ 1-DIMENSIONAL CASE
3.1. A Single Moving Mirror

Here we consider a moving mirror following a prescribed trajectory (eg(?), t).
We denote by (E 3’ dyn(t)) the dynamical energy on the right side of the mirror, and
by (E 9 ayn(?)) the dynamical energy on the left one.
Until order €2, the dynamical energy at both sides of the mirror, can be
. . . N 2 . x—eg(t)
calculated using the eigenfunctions fi ,(, x;€) =,/ TFa® sin(nw L%gm) and

taken L — oo or directly using the continuous set of eigenfunctions f, (¢, x;€) =
2 i@ :
\ = sin(Z(x — €g(#)). The result is

2

;0 e * 2 ! . ioT
<E:|:,dyn(t)> = aa /0 dow /0 g(v)e'“Tdr )
The energy of the vacuum at time 7, on the left and on the right side, is
. )
(ES o)) = Jim 21: F0La(t:€). ®)

nmce

where we have introduced the frequencies w4 ,(f; €) = T
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Using the frequency cut-off e=*" with 0 < y « 1, we define the regularised
dynamical energy by

oo
(EL (@) = lim  hers u(t: QN (D)7 020, (6)

n=1

If we assume that g € C*(R) N C3[0, T], we obtain the same result as Barton
and Eberlein (1994) (see formula (7.17b) of the Barton and Eberlein (1994) in the
perfect-reflector limit), i.e., under order €? then regularised dynamical energy is

€’h [gz(t)

12¢27 | 7y

(EY yult: 7)) = — 50g0) + /0 g (T)dt} %

Thus, to renormalise the total dynamical energy we must impose that the
kinetic energy of the moving boundary is
- (m " _een ®)
~ X - 5 5 5 6 b
2\ 3e272y §

where Mcy, is the experimental mass of the moving boundary. Then, the renor-

malised dynamical energy, namely (]Ei dayn(0)), 18
2

12¢2m

(Eidyn(t» =

[—gmg(r) + f % (r)dr} . ©)
0

Remark 3.1. Whent > T we have
2

12¢2m

T

~0 A ..

(B 0 = D) = (B yutt = 1) = 155 [ @@z =0, (0
0

in agreement with Ford and Vilenkin (1982) and Schiitzhold et al. (1998).

On the other hand, when ¢ < §, with 0 < § < 1 we have (Eidyn(t)) < 0.
This shows that, when the boundary moves, the dynamical energy cannot be
considered as the radiated energy until time ¢. (see for details the paragraph below
to the formula (4.5) of Fulling and Davies (1976))

Note that we can write

Nt >T)= /Ooj\/iw(t > T)dw
0

(EY gyult = T)) = /0 hoN? (¢ > T)do,
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where, until order €2,

2
do/, (11

2

€ © wo
M =T = /
0

w2c? (0 + w')?

T
/ g'(f)ei(erw,)rd‘L’
0

is the average density of produced particles per unit of frequency on the right and
on the left side of the mirror. Consequently, (£7 dyn(t > T)) is the radiated energy
at both sides, i.e., the energy of the produced particles.

To calculate the energy of the vacuum, we use the same frequency cut-off. It
is not difficult to find

o0
. . h —on (£ . h
(EQ vet:y)) = Jim > S @enlt; €)e £n(BEY = Jim 2cny2(L F €g(1)),
n=1

and thus, the energy of the vacuum per unit length, whose value is 5 Tyz , coincides
with the energy density of the Minkowskian vacuum. Consequently, the energy
of the vacuum on the right side (resp. on the left side) can be removed subtract-
ing the energy of the Minkowskian vacuum inside the domain [eg(¢), 00) (resp.
(=00, €g()D.

We have also calculated, until order €, the energy density in both sides of the
mirror. We have found

N h eh x g() 2y
E%e, x: rF-) -2 . (12
(8%, x; 7)) = 2cny2:F12C2ﬂ<g( ﬂ) T (12)

2

In a distributional sense, we can write

(&2, x ) = Py 12€c2n < g (r F ;) - 2cg(t)8(x)>. (13)

Remark 3.2. Note that, until order €, we have

o en (.. g 2
[ (o) - 2 Y,
oty 12¢*m c b4 y2+’;_2

in agreement with the fact that energy does not contain terms of order €.
Note also that, from the Appendix B, we can see that the radiation reaction
force is

Z () — 2g (@)
62 | ¢ Ty




956 Haro

Finally we compare our results with those obtained by Davis and Fulling in
Fulling and Davies (1976). D-F consider the problem

b — Py =0 Vx>egt)VteR

P(t,eg(t)) =0 VieR. (14)

The complete set of in-going positive-frequency solutions of (14) is given by
(see DeWitt, 1975)

¢w(ta )C) =

4;(1)7[ (efiwu _ e*ia)p(u)) , (15)

withv =1+ %, u =1t — 7 and p(u) = 2t(u) — u where t(u) is defined by #(u) =
u+ Leg(t(u)).

Remark 3.3. The function p(u) can be expanded in powers of € in the following
way: From the system

u)=2t(u)—u
p(u) ( )1 (16)
1) = u+ ;egt(u)),
inserting the second equation into the first one, we obtain
2 2
P = u + —eg(t@w) = u + —eg(w) + O(€). amn
Repeating this process once again we get
2 2, . 3
pu) =u+ zfg(u) + 3¢ gu)g(u) + O(e”). (18)

In the Heisenberg picture, the quantum field on the right side, has the form

[e.¢]
b0 = [ dofaluu 0+ @) 93], (19)
0
thus, using the “point-splitting” ansatz, D-F show that the regularised energy
density on the right side of the mirror is given by

n h
(Et, ;7)) pF + o ' @)'*1(p ()21 (20)
CTT

- 2cmy?
Now, to obtain until order €? the energy density on the right side, we insert
(18) into (20), and we get

n

&t x; =———e—
(&t 5 yor 2cmy? “T2cin

('g' ) + % ¢ ) + zg q (u)gw)) . Q@

where the first term is the energy density of the Minkowskian vacuum.
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The dynamical energy on the right side is obtained integrating (éffl(t, X;
Y))DF — # between €g(¢) and co. A simple calculation lead to the following
result

N eh .. €.. . e [ ..
(Eg)r,dyn(ﬁ Y))pr = Toem |:—g(t) - ;g(t)g(t) + ;/; gZ(T)dT] . (22

Remark 34. The energy and the energy density on the left, can be easily calcu-
lated making the change ¢ — —e and u — v.
Some comments arise from these results:

(1) The dynamical energy and the dynamical energy density obtained by D-F
taking the set of mode functions (15) and using the regularisation procedure
based in the “point-splitting” ansatz, do not have any divergent term. We
will see that in 3 + 1-dimensional case, some divergent terms appear in the
dynamical energy when a set of mode functions is used. Only in the 1 + 1
case the dynamical energy is free of divergent terms.

(ii) The difference between (7) and (22) (resp. (12) and (21)), is due to the fact
that we have used two different regularisation methods.

(iii) When the boundary returns at rest, (7) and (22) give, of course, the same
result (the radiated energy). And also, if we consider the total renormalised
energy, both methods give the same result.

(iv) The frequency cut-off regularisation can be used in the massive case, (here
there is already a renormalisation prescription (Bordag et al., 2000)). In the
Appendix A we prove that the renormalised dynamical energy in the massive
case (unambiguously calculated) converges to the result obtained in formula
(7). This fact shows the consistency of the frequency cut-off regularisation.

(v) The “point-splitting” ansatz is useful, in practice, when we have a set of mode
functions that satisfies exactly the field equation and only approximately the
boundary conditions. On the other hand, the frequency cut-off regularisation
is a suitable method when we have a perturbative solution of the Schrédinger
equation given by the Hamiltonian (16) of I. This shows the great advantage
of the frequency cut-off prescription because it is very easy in the massless
and in the massive case, to calculate in practice approximate solutions of the
Schrodinger equation. Unfortunately, exact solutions of the field equation can
only be obtained in particular situations.

3.2. Bounded Cavities

In this Section we consider the following 1 4 1-dimensional cavity 2, =
[eg(?), L]. For amassless field, the frequency cut-off regularised dynamical energy
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inside the cavity is:

€’n
(B apnl:7)) = 5 Z( 2—n‘ / ¢t

eI (23)

To obtain a explicit expression of this energy, we will use the theory of
Fourier’s series (see for a detailed explanation Gasquet and Witomski (1995)).

Let N* be the natural number that satisfies 2T_LN* <t < 2T_L(N* + 1). For a
given function f, using the Heaviside’s step function, namely 6, we can write

, 2L (&
/0 f@eEdr =/ — (Z conl foui] + cn[(feaz;m]) ,

k=0

where ¢, [ szk] is the n-Fourier coefficient of the =-periodic function szk,deﬁned
in the interval [0, 2L ]by sz ()= f(r + 2L =k), and cnl(f 9,)zL ~+]1s the n-Fourier
coefficient of the 2& perlodlc function ( f 0,)2L N+ defined in the interval [0, 2L]
by (f8)syo(2) = (T + N9 — 7 — ZLN*),
Thefl using the set of functions en(t) = \/; ¢'"I" and integrating by parts,

we can find

eh gXt)  €*hme 2
1272¢2 32 2413 ¢

(B an(®: 7)) = &)

€’n Nl 2
1272 D calgng] + el @02 y.]
e neZ | k=0
2
L2 Z Cn gz: + Cn[(get)z,N ]
neZ | k=0
N*—1
Zg(t)zen(t)<z [ZLLk]—i_C”[(get)ZLLN*]) (24)
nez k=0

Applying the Parseval identity and the Dirichlet theorem (Gasquet and
Witomski, 1995) we can deduce that

eh g(t) €’hme »
2222 2 2418 8

en (1., AN 2L\ ..
L d ~ d
+6mz<2/0 §0) H;/o g(r : )g(r) :

< in, dyn(t )>
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_ 66% ( / g (vydt + Z/ (r — —k)g(r)dr)
en (& 2L 1..
— 38 (; g (l — 7k) +3 g(t)) : (25)

Outside €2, we obtain the same result as formula (7). Then, the total renor-
malised dynamical energy, denoted by (ot dyn(?)), is

ethme 2

En 2LKN ..
VAR gﬁ g(t_7>g(f)dt
ehr (1, Yoo 2Lk |
L2 (5/(; g (T)df-i-kX:l:/O g(r—T)g(r)df>

en X 2L
———8)Y & (r - —k). (26)
6mc = c

Integrating by parts, (26) becomes

(Etot,dyn (t )>

(Eor,dyn(t» = —6/ Fi(t)g(r)dr, (27)
0
with
ehm Al 2Lk\  ehm
R0 =-T7s ZO ( : ) 6L2< g(t)+Zg< ))
(28)

The frequency cut-off regularisation shows that the renormalised total energy
of the vacuum state at time ¢ is

. 1 hrme 1 hme !

Eotvact)) =——————=——— — Fy(t)¢(r)dr, 29

(Erot,vac (1)) AL —eg) Y 6/0 20)g(r)de,  (29)
where

B0) 1 hme 1 hme L L 1 hm O+ 0 2 30)
= E

M =L —eg? 2412 "2 158 ’

and — 214 hz £ is the Casimir energy of the initial vacuum state.

Then, until order €2, the total renormalised energy (]Emt(t)) = (IAElot,dyn(t)) +
(IAEtot,vaC (1)), can be splinted in the following way

(Bo() = —— — 6/0 Fio(0)§(t) d. (€29)
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The first part is the static Casimir energy of the initial vacuum state, and the
second part is minus the work done, until time ¢, by the reaction force

| hme  he <. .. 2Lk
Fi(t) =
0

%17 " ere & e

h 2Lk
66; ( 2 + Z (r - —)) . (32)

Finally note that, in our situation (only one moving boundary), the term of
order € in (32) coincides with the formula (2) of the Jackel and Reynaud (1993).

4. 3 + 1-DIMENSIONAL CASE
4.1. A Single Moving Mirror
We consider the massless Klein-Gordon field into the domains
= [eg(t), L1] x [—La, La] x [—L3, L3];
Q =[—Li,eg)] x [—Ly, Ly] x [—L3, L3],

with Ly, L,, L3 > 1, and we take the following set of eigenfunctions

N Ea il 10)
fi,n(t’x’e) = \/?eg([)sul <nlnL1 F eg(t)>

1w 1 s
Ly e, 33
«/2L 2L5 (33)

with n; € N and ny, n3 € Z. Then, until order €? the dynamical energy is

€2hL,L
(Ei dyn() 2( 5)43/ de/ d(!)}/

/ 2(a) )zdwlda)]
X _—
0

ww'(w + ')

2

(r)el(“’+"”)’dr (34)

where

6 weny 2+ TCny 2+ mens\?

w1 n(t;€) =

=n Ly Fegr) L, L;
o= 0l +0}+wi, o=/(0))?+}+ o
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Making the change of variables

w; = usine’ cos a(sina + sina’) ™!

w| = usina cos&/(sina + sina’) ™!

pammapnamena s (35)
wy = usina sina’(sina + sina’)™" cos B
w3 = usina sina’(sino + sina’) ™! sin B,
we get
A € hLng ! : 2
EY (D)= —"TR f duu* / s(r)eTdt| (36)
( +,dy > 20 C)4 o 8

where a maple calculation prov1des

sin® « sin® o’ cos? o cos? o’ b4
=2n - dadoa' = —.
(sina + sina’) 90

If we assume that g € C4(R) N C3[0, T1, the frequency cut-off regularised
dynamical energy is given by

EzhL2L3 gz(l‘) 1 /... i 1..2
003t |:—3 - ; (8 ®)g@) — Eg (t))

(EQ gyut: 7)) = "

+% <'§'(I)g(t)— 'g'(t)lé(l)Jr/O lé"z(t)dfﬂ- 37

To renormalise this quantity we follow the same method as Giitig and Eberlein
(1998) (see for more details the explanation of the formula (5.17) of Giitig and
Eberlein (1998)). We suppose that the external density force that produces the
movement of the wall has the form

Fext(t) = p1€ & (1) + p2e 8 (1), (38)
and we propose that
h h
= Pop — s P2 = 39
1= Pexp 9073 cty3 2 18073cty (39

where peyp is the experimental mass density of the moving wall. Thus, since the
work done by the external density forceis4e L L, f(; dt Fext(1)£(7), the divergent
terms of (37) are cancelled, and we can define the renormalised dynamical energy
per unit of area by

2

0 _ €
Can() = 7567203

(700~ 70RO+ [ o). @
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Remark4.1. Whent > T, the radiated energy per unit of area is

¢, (t=T)= 62_th 52 (0)dx. (41)
dynth = 72072¢* J,

in agreement with Ford and Vilenkin (1982).
In this case the regularised energy of the vacuum at time ¢ is

h
_ . w . —y i a(t;€)
( +,vac (t )/)) - Ll,Lygglﬁoo Z zwi,n(t, 6)6
np eN
ny,n3 €%
. 6h
= lim ——— (L Fegt))LLs, (42)

Li,Ly, L300 2c3y4

and we can conclude that the energy of the vacuum per unit volume, whose value
is 2713—7;1/4 coincides with the energy density of the Minkowskian vacuum.

To finish this Section we review the results obtained by Ford and Vilenkin
(1982). Using Green’s functions the authors construct solutions that satisfy exactly
the wave equation and, until order €, the Dirichlet boundary condition.

With these solutions, applying the “point-splitting” ansatz, the authors cal-
culate the regularised reaction force on the mirror per unit area (Eq. (4.12) of the
Ford and Vilenkin (1982))

1
2 \d3c

where 0 < a < 1 is a cut-off with dimensions of length.
Then, the total regularised dynamical energy per unit area is minus the work
done by F(t; a), that is,

F(:a)= 5, T 4g‘:")(t)) , (43)

6?01 a3 Q) py = —6/ F(r;a)¢(r)dr
0
_ 62h 52 ; A 1 .
= 48238()4'240—2(8()8() Eg ())
eth

seee . ces .o ! ...2
+360n2c4'(g 0§0) — & 81N+ /0 3 (r)dr>. (44)

Therefore, the total renormalised dynamical energy per unit area is defined

by

Gy yn(®) _Ez—h(""(l)'(f) g (g ) ’...2( )d ) (45)
tot, dyn\"/FV = 360724 8 glt) — 8 8 +'/(; g “(r)ar ),
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that coincides with (‘fg,dyn(t) + Q‘f(i,dyn(t). Note that, the difference between (44)

4L I ((E° 1 dyn(t ) + (Egdyn(t; y))) is due to the two different approaches
used to obtain these quantities.

4.2. Two Mirrors

We study the massless Klein-Gordon field inside and outside of the domain
Q, = [eg(t), L1] x [—Ly, Lo] x [—L3, L3] with Ly, L3 > 1. The regularised dy-
namical energy inside is

ERL, L3 & [oo duu’kn fol &(T)ei @)+ gr
0

- (46)
LS () @)@, (1) + i)

(£8, e 7)) =

n,k=1

20252

with w,(u) = ”Z—” + u?. And the regularised dynamical energy outside is given
by the formula (37).

From the Abel-Plana formula (see the formula (2.31) of the Mostepanenko,
and Trunov (1997)), we can show that the divergent part of (£ in. dyn(t y)), namely

< D.in, dyn(t )/)) is glVen by

e2nl,L; [ ¢°
( D,in, dyn( V)) # |:g (t)

S0t | 3 % (g (1g(1) — %g“z(t))} NCY)
that is, the total divergent dynamical energy of the system coincides with the total
divergent dynamical energy when only it exist a single mirror. Consequently, this
divergent quantity is removed assuming that the external density force is given by
(38) and (39).

To calculate the energy of the vacuum at time ¢ inside €2,, we make use of
the following version to the Euler-Mclaurin formula

o X o 1yntl
Z F(n) = / dxF(x) — lF(O) +2 Z LF<2"+1>(0);R(2n +2),
n=1 0 2 n

2n+2
~ ()
(48)
that can be easily deduced from the Abel-Plana formula.
From (48), it is not difficult to prove that
6(L; —eg(t))LoLsh  LyLsh LyLshn?
(B0 (1:p) = (Ly —eg)LoLsh  LyLih alshmc 49)

203y meyd 360(L; — eg(t))}
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Thus, we conclude that the total renormalised energy of the vacuum at time
t per unit area, denoted by &, (1), is

hr2e

evac(t) =- 1440(L1 — 68(0)3 .

(50)

5. THE BACK-REACTION PROBLEM

In this Section we consider the model that describes the interaction between
a single moving mirror in the two dimensional space-time and the massless Klein-
Gordon field.

Let [.(¢) be the trajectory of the mirror. The Lagrangian of the field on the
right and on the left side of the mirror, obtained from the Eqgs. (4) and (7) of I, is
given by (see Schiitzhold et al., 1998)

1 &, 00 .
Lep®) =53 (01, =02, (:00%,) + D QuuMentie) Qs
n=1 n,k=1
1 o0
+§nerZI Q:l:,nM:i:,nr(t;G)Mj:’kr(l‘;é)Qi,k, (51)

where in this case the frequencies are w4 ,(t;€) = L;f”(t) with L > 1, and

i) onk
Fimoooe n#Fk
My i (t;€) =

0 n=k.

The Lagrangian that describes the movement of the boundary is

M,

L) = —lc = Wle. ), (52)
where W is the prescribed potential energy function, and M is the mass of the
boundary.

The Lagrangian Ly = L g + L_ r + Lp describes completely the interac-
tion between the field and the mirror. Then the corresponding Euler-Lagrange
equations give the coupled system

o0
Oin=—05,(t:)Qun+2)  Miu(t:€)Qus
k=1

o0 [o.¢]
+ D Mi(t:6)Qux+ Y May(t;)Ma o (1€) Qi (53)
k=1 k,r=1
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Mle = _axw(levt)+ Fmechv (54)
where Fiech is the classical reaction force, and its value is (see Appendix B)

Finech = ;igg) [E%, 1e(t) = 18]) — E%(t, Ie(t) + 18])]

1

— T 2 @ Ow k)00 O
€ n,k=

t7 y @ n(t; €)oo (1;€)0 - Ok, (55)
n,k=1
where £° is the energy density of the massless Klein-Gordon field (Eq. (6) of I).

The conjugated momenta are

oLt
Py, = = Q4 My i (t;€) O+ 1 (56)
aQ:l:,n kXI:
ALy R P
pe= S =M= 30 (Mo P Qi+ Mo P10 k)
€ € nk=1
(57
and the full Hamiltonian is
M.
HNQEPEE+WW90+EﬁF+E<n (58)

where E r (resp. E_ ) is the energy of the field on the right (resp. on the left)
of the mirror.

The expression (58) can be written as follows

2
1 = P—nQ—k P+nQ+k
Hy(t) = — Lok TanEh
r(t) 2M(pe+2gnk< Tl L_le) + W, )

n,k=1

+

N =

00 1 )
Z +n +w+n(t E)QJrn + EZ(PEH +w3,n(t;6)Q27,n)’
n=1 n=1

(59)

where we have introduced

2nk
Ton hFk
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The quantum Hamiltonian, denoted by I:IT (1), is obtained following the well-
known canonical quantisation procedure. Then the Schrodiger equation

ihd,|®), = Hr(1)|®),

60
|P)o = [07), (©0)

describes the interaction between the field and the mirror, where |07 ) is the vacuum
state of the full system.

Remark 5.1. In Law (1995) the author obtains the quantum equation, that de-
scribes the back-reaction, inside a bounded 1 + 1-dimensional cavity. It is clear,
from our analysis, that the field outside the cavity must be included in the full
quantum equation.

We believe that the study of the quantum Eq. (60) is very complicated. For
this reason we consider the following semi-classical model that describes the
back-reaction:

We only quantise the dynamical variables of the field, and we assume that
the dynamical variable /. satisfies the equation

Mle = _8xW(lea t)+ <Fmech(t;7/))a (61)
where

(Freen(t; 7)) = (€21, Le; ) — (€22, Les ) (62)

is the frequency cut-off regularised reaction force produced by the evolved vacuum
state (see Appendix B).

Remark 5.2. Ttis important to emphasise the fact that the Eq. (62) must be under-
stood as the second Newton’s law, and then we can replace the force —d, W([,, t)
by a more general classical external force (dissipative force, friction force,...).
Obviously, we cannot make this substitution in Eq. (60), because this equation
comes from a Hamiltonian system.

The linear term on /. of the cut-off frequency regularised reaction force is
obtained inserting (12) into (62), then the Eq. (61) becomes

. h .. 2 .
Mle = =0 Wle, 1) + —— | le(t) — — (1) | . (63)
6¢im Ty
After the mass renormalisation M = M, — # (Eq. (8)), we obtain the

equation

Moole = -0, W, t — 1 (2). 64
. (e, D)+ 5—L(1) (64)
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Note that the reaction force that appears in (64) must be understood as a
small perturbation, because this force is obtained assuming that /. is a prescribed
trajectory that satisfies the equation MCXPZ; = —0,W(l,1t), and clearly do not
play the same role as the external forces. Note also that with this interpretation the
runaway solutions are eliminated.

Effectively, if we write [, = €g + X, where €g is the solution of the Newton’s
equation € ¢ = —9, W(eg, t), and X is the induced movement of the boundary
due to the evolved vacuum state. Since, |X| must be smaller than €|g|, making the

approximation 9, W(l¢, t) =~ 9, W(eg, t) the Eq. (64) behaves

~ _ he ..
Mexpx ~ E 8 (t), (65)

and we deduce that the trajectory of the mirror is

he )
l(t) ~ eg(t) + mg(ﬁ (66)

Finally inserting this expression in (10), we conclude that the total radiated
energy, until order €, in this approximation is

h62 r ) hz )
6627'[/ g (t)—}-—%M2 c4n2g (7)) dr. 67)
0

exp

6. CONCLUSIONS

In these two papers we have showed that the dynamical Casimir effect in
cavities with perfect reflecting boundaries presents several difficulties: The con-
cept of particle is ill-defined when the boundary moves, a divergent production
of particles is possible when the movement of the boundary has some type of
discontinuities, and the renormalised dynamical energy is not positive when the
boundary moves.

We have also showed that, from the Hamiltonian approach, the regularised
Casimir energy can be calculated in a very easy way. In particular, in the 1 + 1-
dimensional case, we have calculated explicitly the energy when there is two
boundaries.

Finally in the last Section we have calculated the radiation energy emitted by
a mirror when their recoil is taken into account.

APPENDIX A

Here we consider the massive Klein-Gordon in two dimensions, and we
assume that the field vanish in a prescribed trajectory (t, €g(t)).
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Until order €2 we have

0o x2 y f g(f)el(w(XHw(y))fd-[
(EZ ) = - CW / f dxdy, (68)

o(x)o(y)@(x) + o(y))
where w(x) = \/x2 + m2ct.

The part of the energy that contains the divergent terms is

[m _ 62g2(t) x2y2
BB 2.ayn(0) = 2n2c2h5/ / 0@ T ey X 9

Now we define
52 —(w(x)+w(y))
. g=(t) x2y’e »y
(B i) = 250 [ [ sdxdy. (70
272c2h w(@X)o(y)(@(x) + o(y))
Making the change of variables

u =

1 1
- /x2+m2c4; v = " ’y2+m2c4,
mc

m-c

we obtain

<Eg,:t,dyn(t;y)> = du dv

g’ (nm /oo /00 Vi = 1V = Te= vt
(u +v)?

2(t)m uve_&”(”“)
———dudv
e

+ 62g2(t)m /OO /OO (\/ M2 — 1\/ U2 -1 - uv)e_m%ly(u+v)
(u +v)?
x dudv = (A) + (B). 1)

Since

(Wu? — 112 — 1 —uv) 2
(u 4 v)3 u%v?

from the Lebesgue’s Dominated Convergence Theorem we deduce that

2(t)m f /00 (Wu? —1/v2 =1 - uv)

_ 2
Wty dv = O(mc”).

lim (B
ylﬂ%()

(72)
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y(u+v)

Now we study the integral [;° | oo MG(LT du dv. Making the change
i = yu and U = yv we can write

[} y(u+v) - (u+v)
f / we TNy = / / ave T g
Y R (u—l—v)3
2 (7.45)
- f / ive_ dia d?
N

oo (u+v)
__/ dvf aq e T 0
Y Jo y (u+v)

1 h 5 mc?
=———-—=4+0—v]). 73
6y mc? 4+ (hy> (73)
Consequently, we have
. ezg'z(t)h mc?
(B antiv) = iy +0 (r) +ome v

Now we write (E A V) = (Egidyn(t V) + (Ez,dyn(t;y)). An easy
calculation shows that

lim hm (Ei dyn(t 7/))

m—>ooy

However, the convergent part of (E"’D",i,dyn(t; y)), thatis, (’)(%y) + O(mc?),
diverges when y — 0 and m — oo. For this reason, if we impose that the
renormalised part of (E;”qdyn(t)), namely (Ez’dyn(t)), satisfies the condition

limm%w(]ﬁid}m(r)) = 0, we must define
(B ayn(®) = 1im ({2 40003 7)) = (BB 2.0yn157))- (75)
Now, it is not difficult to prove that
h‘%( + dyn(t)) (]Eg:,dyn(t))' (76)
This shows the consistency of the frequency cut-off regularisation, in the

massless case.

APPENDIX B

In this Appendix we calculate the force that acts on a moving boundary due
to the massless Klein-Gordon field (the reaction force).
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In 1 4+ 1-dimensions the stress tensor of the field is

e irF
Foe ) 7

where £ is the energy density of the system (Eq. (6) of I), and F = —h*c?9,¢9¢
is the energy flux.

The momentum of the field is P = Liz flR dxF. Then, if A Ppyecp is the mo-
mentum increment of the moving boundary due to the interaction with the Klein-
Gordon field, the momentum conservation law provides

0; (P + APmech) =0,

consequently the classical reaction force Finech = 0;(A Pech) 1S given by

1
Fieen = ——28,/dx]-'= hZat/ dx0;¢d ¢ = 8t[dx§8x¢, (78)
c R R R

where we have used the canonically conjugated momentum of the field (Eq. (5)
of I).

In the particular case of a single moving mirror with trajectory (¢, g(¢)) we
easily find

Faeen(t) = lim [£°¢, q() — 18]) — £%¢, q(@) + |8])], (79)

where £° is the energy density of the massless Klein-Gordon field (see Eq. (6)
of ).

Finally note that the reaction force produced by the evolved vacuum state
(the so-called radiation reaction force) is

(Funeen) = 0 / dx(0(T") £0,$T710). (80)
R

In the case of a single moving mirror, the frequency cut-off regularised
reaction force is given by

(Freen(; 7)) = (E2(t, Le; ) — (€01, s ), w (81)

where (fg(t, le; v)) is the regularised energy density in both sides of the mirror
(see Eq. (12)).
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